Abstract: This paper deals with the bending analysis of exponentially graded material (EGM) plates resting on twoparameter elastic foundations according to a trigonometric shear deformation plate theory (TPT) using Navier's technique. The normal and shear deformations are both includes. The present TPT does not need a shear correction factors. The material properties of plate like, Lamé's coefficients convert exponentially in a given constant orientation. The equilibrium equations according to the EG plate resting on Pasternak foundations are presented. Numerical results for the EG thick plate on elastic foundations are presented. A good comparison of results with those being in the literature. The influences played by Winkler and Pasternak parameters, side-to-thickness ratio, inhomogeneity parameter and aspect ratio on the bending responses of EG plates are debated.
tic foundation is Winkler model (Winkler [5] ) and Pasternak model (Pasternak [6] ) was openly used to describe the mechanical behavior of foundation interactions. Zenkour and Sobhy [7] have investigated the nonlocal elasticity theory for thermal buckling of nanoplates lying on WinkerPasternak elastic substrate medium.
Functionally graded materials (FGMs) have received senior solicitude in many engineering applications (Vel and Batra [8] ; Reddy [9] ). Analytical (3-D) solutions for FG plates are useful since they extend benchmark results to estimate the reliability of various two-dimensional (2-D) plate theories and finite element formulations. In the 2-D plate theory, many investigations with reference to problems of inhomogeneous plates have been published (see, e.g., Reissner [10] and [11] ; Zenkour and Fares [12] and [13] ). Cheng and Kitipornchai [14] have proposed a membrane identification to derive an exact straightforward eigenvalues for compression buckling, hydrothermal buckling, and vibration of FG plates resting on elastic foundation based on the first-order shear deformation theory. The same membrane identification was later applied to the analyses of FG plates and shells based on a third-order theory (Cheng and Batra [15] ; Reddy and Cheng [16] ). Yang and Shen [17] and [18] have investigated the free vibration, transient response, large deflection and postbuckling responses of FG thin plates resting on Pasternak foundations by using the method of differential quadrature and Galerkin procedure. Thai and Kim [19] has investigated the a simple higher-order shear deformation theory for bending and free vibration analysis of functionally graded plates. There are many papers are concerned with investigation of the different behaviors of the FGM structures (see, e.g., Zenkour and Radwan [20, 21] , Zenkour et al. [22, 23] , Sobhy and Radwan [24] , Radwan [25] ).
A number of theories of the plate which are account for transverse shear deformations are found in the literature. The displacement field accounts for linear or higherorder variations of mid-plane displacements through the thickness which are given in Reissner-Mindlin-based theories (Han and Liew [26] ). Zenkour [27] has supposed that the in-plane displacement field is linear and the transverse deflection is constant through the thickness by using the first-order shear deformation plate theory (FPT). With an appropriate shear correction factor used for FPT the results in a completely exact global response for isotropic materials even though a parabolic transverse shear-strain distribution through the thickness is not described. Numerous theories have been developed to overcome this lack of FPT. The higher-order shear deformation plate theory (HPT) (Reddy [28] ) satisfies the conditions of zero transverse shear stresses on the upper and lower surfaces of the plate. The sinusoidal shear deformation plate theory (SPT) (Zenkour [29] ) accounts according to a cosine-law distribution of the transverse shear strains through the thickness of the plate. Zenkour and Sobhy [30] have investigated a simplified shear and normal deformations nonlocal theory for bending of nanobeams in thermal environment.
Present study involves the effects of both transverse normal and shear deformations is investigated using the 3-D trigonometric shear deformation plate theory (TPT). The 3-D solution, the finite element method and the HPT are considered for the comparison purpose. The plate is presumed to be isotropic at any point in the plate volume moreover the plate resting on elastic foundations. The material properties of the plate like Lamé's coefficients varying exponentially through the thickness. The presented theory by (Zenkour [31, 32] ) is revised for the bending response of the EG plate resting on Pasternak foundations. The stress and displacement components are extensive into an unlimited binary series of trigonometric functions about the in-plane coordinates for a simplysupported plate, leading to a system of ordinary differential equation about the thickness coordinate, for which an exact solution is possible. The effects of the inhomogeneity parameter, side-to-thickness ratio, the aspect ratio and Winkler's and Pasternak's parameters on the bending responses of the EG plates are debated. Numerical results are presented and they have been foreseeable to serve as benchmarks for future comparison with other solutions.
Bending of the EG thick plate

Structural model
Consider an EG thick rectangular plate with the length a, width b and thickness h, (see Figure 1) . The plate is resting on elastic foundation with Winkler stiffness (K W ) and shear stiffness (K P ). The Cartesian coordinate system is established so that 0 ≤ x ≤ a, 0 ≤ y ≤ b and −
Let the plate be subjected to a distributed transverse load q(x, y) at the upper surface (z = + h 2 ). Let the structure convert according to an exponential law from the top to the bottom surfaces. Also, the Lamé's variables can be defined as:
in which λ 0 and µ 0 denote Lamé's coefficients of the homogeneous plate,
where E and ν stand for Young's modulus and Poisson's ratio, respectively. The inhomogeneity parameter k takes values greater than zero also, it used to transcribes the material variation profile through the thickness of plate. The plate is perfectly homogeneous when k equal zero. Pasternak's model (Huang and Zheng [33] ) is the most naturalistic amplification of the Winkler one. The linear (Winkler) and shear (Pasternak) model is given by:
where w, K W and K P are transverse displacement and linear (Winkler) and shear (Pasternak) coefficients, respectively. This model is famous as the two-parameter Pasternak foundations and it is renowned as winkler one when K P = 0. According to the trigonometric shear deformation plate theory the displacement field (Zenkour [34] ) is given as:
where (u 1 , u 2 , u 3 ) are the displacement components of a general point (x, y, z) in the EG plate, (u, v, w) are the displacement projections on the mid-plane and ψx, ψy and ψz are the additional undetermined functions. The displacements u, v, w, ψx , ψy and ψz are functions of (x, y) and
dz . Using the displacement field in Eq. (4), the linear strains e ij are given as:
Here ε ij , χ ij and η ij are given by:
Constitutive equations
The stress-strain relations for a linear isotropic elastic plate are given by:
where θ = exx + eyy + ezz and δ ij is Kronecker's delta. Now we introduce the following definitions of the stress resultants as:
in which the axial stress resultants N ij , the moment stress resultants M ij and the couples stress resultants S ij and Q iz and Nzz are transverse and normal shear stress resultants.
Equilibrium equations
Using the principle of virtual work the equilibrium equations can be derived by integrating and setting the coefficients of δu, δυ, δw, δψx , δψy and δψz to zero, separately:
δv : ∂x Nxy + ∂y Nyy = 0,
∂x Sxx + ∂y Sxy − Qxz = 0,
By inserting Eq. (8) into Eq. (9) The stress resultants can be given by:
where
By inserting Eq. (11) into Eq. (10) the following system of algebraic equations are given as:
where 
Two-dimensional solution
In this section, the solution of the governing equations Eq. (14) is presented. First, The following simply-supported boundary conditions are imposed at the side edges for the present theory:
To solve this problem, Navier presented the external force in the form (Thai and Kim [19] ):
where the coefficients qmn for the case of uniformly distributed load are defined as:
in which αm = mπ a , βn = nπ b and m and n are mode numbers. For the case of a sinusoidally distributed load, m = n = 1 and q 11 = q 0 . Secondly, Navier's assumed that the forms for u, v, w, ψx , ψy and ψz that satisfies the above boundary conditions are given as:
where Umn , Vmn , Wmn , Xmn , Ymn and Zmn are arbitrary parameters. Eq. (14) in conjunction with Eq. (18) can be combined into a system of first-order equations as:
where {∆} and {F} denote the columns:
{F} = {0, 0, −qmn , 0, 0, 0} t , and the elements P ij = P ji of the coefficient matrix [P] are given in Appendix B.
Numerical results
In this section, results are presented for bending analysis of EG thick rectangular plates resting on elastic foundations and subject to sinusoidally/uniformly distributed load via a quasi 3-D trigonometric plate theory. The calculations are performed based on the following dimensionless quantities:
We will assume in all of the analyzed cases (unless otherwise stated) that a = 4h, b = 3a, k = 1.5, and ν = 0.3. Note that the displacement field of the first order shear deformation theory is given by Φ(z) = z and ψz = 0. However, the displacement fields of HPT and SPT are given, respectively, by setting
Numerical results for bending of homogeneous plates resting on elastic foundations using TPT are compared with the corresponding results available in the literature (Lam et al. [35] ; Huang et al. [36] ; Thai and Choi [37] ; Buczkowski and Torbacki [38] ; Timoshenko and Woinowsky-Krieger [39] ). The suggested theory (TPT) may be called a Quasi 3-D theory since it introduced a best distribution for the transverse shear and normal strains (εzz ≠ 0 and then the corresponding σzz ≠ 0) through the plate thickness without using any shear correction factors. In fact, this what happen in the case of using the 3-D elasticity theory. Also, the present results are compared with those of the 3-D solution of Huang et al. [36] and Thai and Vo [40] in Tables 1 and 2 . The plate is assumed to be subjected to uniform load on the top surface and the results for the central deflection of the plate are given in Tables 1 and 3. The effects of foundation stiffness, loadings, and gradient index on the mechanical behavior of the EG plate will be intensively discussed. The results in Tables 1  and 3 2 ) due to a uniformly loaded homogeneous square plate resting on elastic foundations (h = 0.01a). A good agreement is observed in Table 1 with 3-D solution (Huang et al. [36] ) and (Lam et al. [35] ; Thai and Choi [37] ). Table 2 gives a comparison of the stresses σ i in FG square plates under sinusoidal loads (a = 10h) with those of (Thai and Vo [40] ). Where, λ = 380 GPa. Table 3 gives a comparison of the deflection Table 4 gives the effect of the inhomogeneity parameter k and side-to-thickness ratio a/h on the deflection w of the EG thick rectangular plates resting on elastic foundations (b = 3a). Also the deflection w decreases as the parameters κ W , κ P , k and a/h increase. Figure 2 displays the effect of elastic foundations on the variation of w versus the side-to-thickness ratio a/h of the EG square plate. The deflection w decreases as the elastic foundation parameters increase. For higher values of the elastic foundation parameters, the deflection may be independent of the a/h ratio. Figure 3 shows that the effect of thickness on the dimensionless deflection w of the EG thick square plate resting on elastic foundations. It is clear that the deflection decreases by increasing the parameters κ W and κ P . Figure 4 gives the variation of w versus the aspect ratio a/b of the EG square plate resting on elastic foundations. The deflection w decreases as the aspect ratio a/b and the elastic foundation parameters increase. It is observed that the TPT gives deflection closes to that of HPT for plates subjected to Pasternak's model. Table 5 displays the effect of the inhomogeneity parameter k on the stresses of the EG thick rectangular plate resting on elastic foundations by TPT (a = 4h, b = 3a). It is shown that σ 1 , σ 2 and σ 3 decrease rapidly as κ W and κ P increase whereas they increase by increasing the parameter k. The transverse shear stresses σ 4 and σ 5 as well as the inplane tangential stress σ 6 are decreasing with the increase of the foundation and inhomogeneity parameters. Figures 5-7 show, respectively, the effect of the elastic foundations on the dimensionless stresses σ 1 , σ 6 and σ 3 through-the-thickness of the EG thick rectangular plate. The tensile stress σ 1 decreases with the increase of the elastic foundations κ W and κ P while the compressive may be vanished at z/h = 0.4. The tensile stress σ 3 increases with the increase of the elastic foundations κ W and κ P while the compressive stress decreases. The minimum value of the compressive stress σ 3 occurs at the top surface of the plate without elastic foundation. However, the maximum value of the tensile stress σ 3 occurs at the bottom surface of the plate with out elastic foundation. Figures 8 and 9 plot the through-the-thickness distributions of the transverse shear stresses σ 4 and σ 5 , respectively, of the EG thick square plate resting on elastic foundations. The transverse shear stresses σ 4 and σ 5 are decreasing as the increase of κ W and κ P . Also the stresses σ 4 and σ 5 are maximum when z/h takes positive values above the mid-plane of the plate. However, the stresses are maximum for plates without elastic foundations but they are minimum when the elastic foundations are taken into account.
Finally, in Figures 10 and 11 the through-the-thickness distributions of the transverse shear stresses σ 4 and σ 5 , respectively, of the EG thick square plate resting on Pasternak's foundations are plotted for different values of the inhomogeneity parameter k (a = 4h, b = 3a). One can observe that the stresses σ 4 and σ 5 are increasing by increasing the parameter k.
Conclusions
In this paper, bending analysis of exponentially graded material (EGM) plates resting on two-parameter elastic foundations was explored by developing a trigonometric shear deformation plate theory (TPT) using Navier's technique. The normal and shear deformations are both includes. The present TPT does not need a shear correc-tion factors. The equilibrium equations according to the EG plate resting on Pasternak foundations are presented. Numerical results for the EG thick plate on elastic foundations are presented. A good comparison of results with those being in the literature. The influences played by Winkler and Pasternak parameters, side-to-thickness ratio, inhomogeneity parameter and aspect ratio on the bending responses of EG plates are debated. Numerical results given in the present paper render a benchmark for the analyses of the EG thick plate on elastic foundations in the future.
vanish for a plate that is materially and geometrically symmetric about its mid-surface.
Appendix B
The elements P ij = P ji presented in Eq. (19) are given by: 
